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Abstract

In this paper, we defined a locally small Riemann sum (LSEIS) property relative to
volume function ¥ of vector-valued function on a cell E' in a nondiscrete locally
compact metric space X. By the definition, if a function f has LSRS property
relative to 9 oncell E isdenoted by f € LSRS(E, ). then it can be proved that: (i)
if f,g € LSRS(E,¥), then f+ g € LSRS(E,¥) and af € LSRS(E,9) for any
real number a; (ii) if f € LSRS(E,¥9). then f is bounded on E): (iii) if f €
LSRS(E,®). then f is Henstock integrable relative to 9 on E: (iv) if (V,|I. 1) isa
complete normed space and f: E — Y is Henstock integrable relative to ¥, then
f € LSRS(E, ).

Keywords: cell, locally compact metric space, volume function, Henstock
integrable, locally small Riemann sum

1 Introduction

(6] Research on Locally small Riemann sum (LSRS) property of
real-valued function defined on a cell E ¢ R has been conducted by some
mathematicians ([1]. [2], and [9]). The result for this research is to prove an
equivalence to function having LSRS property on cell [a,b] and Henstock
integrable function on cell[a, b]. in terms of f has the LSRS property on [a, b] if
and only if f is Henstock integrable on cell [a, b].

Based on the rescarch conducted by mentioned Mathematicians above and
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Eflcrred to the result of latest research: Henstock integrable of vector-valued
function in locally compact metric space ([3]) and Measurable vector-valued
function relative to volume function ¥ on a cell in nondiscrete locally compact
metric space ([7]), will be defined LSRS property of vector-valued function in
nondiscrete locally compact metric space and next is to investigate the related
properties.

The differences of this research related to the previous research conducted
by another scholar can be categorized in three differentaspect which are:
measurement used, domain of the function, and value of the function. In the
previous research, the measurement used in the analysis is Lebesgue measure.
While in this research, we generate Lebesgue measure by measuring p generated
by volume function @. The domain of the function is also changed from cell
[a, b] < R into an abstraction of cell in R which is cell E in nondiscrete locally
compact metric space X. The third difference is about the value of the function
which is real (in usual metric space R) in the previous study and become a vector in
normed space (Y, ..

It is necess@lly to know that metric space R is a complete metric space, in
@rms of for every Cauchy sequence in usual metric space R is convergent, while
normed space (Y, ||.[]) is not necessarily a complete metric space ([8]. p. 43. 52).
Based on these facts, we will find a necessary condition to make a Henstock
integrable of vector-valued function relative to volume function ¥ onacell E ina
nondiscrete locally compact metric space has the LSRS property on E relative to
the same volume function.

2 Basic Concept

2.1 System of Interval
A nonvoid collection § € 2% is called a system of intervals if it satisfies:

(1) EBrevery pe X, {p}€ES,

(i) for every p € X, if cl(N(p,r)) compact then N(p,v) € § ,if A €35, then A
convex, cl(A) compact, cl(A) € §,and int(A) € §,

(ii) forevery A,B ES.ANB €S,

(iv) for every 4, B € § there exists a collection of nonoverlapping sets C; €8, 1 <

i < n such that
n
A—B= U Ci.
i=1
Every an clement of § is called an interval. Interval A €8 is said to be
degenerate if int(A) =@ and @Endegenerate if int(A)=0. A cell iFa
nondegenerate compact interval. A set A € X is called elem@tary set if A isa

finite union of intervals. The collection of all elementary sets in X, is denoted by
E(X). (13]. p- 11-12).
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2.2 Measure and Measureable Sed
A volume function 9: £(X) — R is called a measure on £(X) if:

(1) 9(A) =0 if int(A) =@ and 9(4) > 0 if int(4) = @
(1) 9(4) < I9(B) forevery A,B € £(X) with A c B, and

9 (w Ai) - Z 9(A)

€N

for ev@y nonoverlapping collection sets {A;} < E(X) with Ujen4; € E(X).
Since X is a locally compact metric space. then for every interval A € §, we
have 9(4) = 9(cl(4)) and for every x € X. we have 9({x}) = 0. Furthermore.
if

W) =inf{) e}

for all collection of open interval {4;: A © U A;}. then y* is an outer measure

on XE3]. p. 20-21).
Aset E € X issaid to be g* —measurable if for every A € X we have
W(B= p(ANE) + g (ANES).
For every interval in X is u* —measurable set. and a collection of all
" —measurable sets in X is an algebra—c on X. Furthermore, if
(E:i=1.2,..,n}
is a collection of finite disjoint x* —measurable sets. then for A c X,
WU (ANE)] = XL, 0 (ANE)).
(131, p.22-23).

2.3 Hei@tock Integrable Function

Let X be a fBRally compact nondiscrete metric space, ¥ be a volume
functionon E(X). If E isacellin X and &E - R™, then a finite collection
of cell-point pairs

= {(Ax:’xi)' 1=si= n} = {(Axw x)}

is called a Perron 8-fine partitionon E if x; € Ay, © N(xi,é"(xihand {Ax;
is a partition on E. Furthermore, if {Ax;} is a partition of E, then P is called a
Perron §-fine partition of E.

If Ec X is a cell and & F —» R*. then there exists a Perron 3-fine
parliﬂ':m on E ([3].p. 18).

Let (V,]l.1) be a norm@pace. A function g:X — Y is said to be Henstock
9- integrable on a cell E € X if there exists a vector a € ¥ such that for any
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real number & > 0 thre exists a function 6: E — R* such that for any Perron
o-fine partition
P= {(Axpxi)J 1=i< ?’1} = {(AXJ x)}

on E we have

IZh, gx) 9(Ax,) —a| = IPLg() 9(4) —all < e

If A €S with 9(A) =0, then intefgal-9 Henstock of a function g: X — Y
on A is defined by null vector (8). The set of all Henstock o —illegrable
functions on a cell E is denoted by H(E,9) and a vector a is called
Henstock ¥ —integral value of a function g on E and denoted by

(H —ﬂ)fg = a.
([51, p- 20-21).

In the following are the properties of the Henstock ¥ —integrable function
used in this paper.

Theorem 2.3.1. (|5], p. 24) If g € H(E,9), then for every a cell FCE, g €
H(F,9).

Theorem 2.3.2. ([4].@ 22-26) A function g:X — Y is Henstock 9- integrable
on a cell E c X if only if ther@exists an additive finction G:I(E) - Y with
property for any real number g > 0 there exists a function §: E - R* such that
Jfor any Perron & —fine partition
P={(Axpx)1<i<n} = {(Ax)}
on E, we have
219G 9(A) =GB = IPEg() 940 -GE) < e

If E is a cell and I(E) is a collection of all subintervals in E, then an additive
function G:I(EJ¥~ Y iscalled Henstock @ —primitive of g on E if G(@) = 6
(null vector) and forevery A € I(E). A # @, we have

GA) = (H-9) fa(mg.

Theorem 2.3.3. Henstock’s Lemma ([4]. p. 22-26) If gfF H(E,9) with
Henstock ¢ —primitive’s is G, then for any real number & > 0 there exists a
function 8+ E - R* shuch that for any Perron S~fine partition P = {(A,,x)}
on E andany Q < P we have

1Q X[g(x)8(A,) — G(AD]Il < 2e.

By this theorem, it is trivial to prove the following theorem.
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Theorem 2.3.4. ([6]. p. M6O-MT76)gM finction g:X =Y is a Henstock
O —integrable on a cell E X if only if thf¥e is an additive function G:I(E) =Y
with property: for any real number & > 0 there exists a function §: E > R*
shuch that for any Perron &fine partition P = {(Ay,x)} we have

PYllgC)d(A) — GADI < e.

Theorem 2.3.5. ([6], p.M69-M76) If' gi€ H(E,¥) with Henstock ¥ —primitive’s
is G, then for every real number & > 0 there exists a real number y > 0 such that
for any intervalA € I1(E) with 9(4) <y we have

IGAI < &

24 Wasurable Function

Let X be a locally compact nondiscrete metric space X, u* [k an outer
measure generated by a function volume 9 on E(X). Ec X.and (V,||.]]) bea
Ebrm space with 6 be a null vector of ¥Jand e be an unit vector (unit element)
of Y. A function yz: X — Y issaid to be a characteristic function on E if

_(eifx €E
XE = {BifxEE

([7]. p. 656-662).

A function s: X —Y is said to be a simple function if there are a finite
family of disjoint p* —measurable sets {X;, X3, X3, .., X,,} and finite real
numbers ¢;,¢s, €3, ...,¢n such that

X = Uin X
and
s(x) = Y16 Xx, ().
If c;EBre distinct, then this representation is called canonical representation of s.
function g: X — Y is said to be u* —measurable on " —measurable set

E if there is a sequence of simple function (s,) on E such that (s,) converge
to g allmost everywhere on E (|7]. p. 656-662).

Theorem 2.4.1. ([7]. p. 656-662). If' a function g:X —Y Is Henstock
8 —integrable onacell E c X, then g is p* —measurable on E.

3. Result and Discussion
In this section, the locally compact nondiscrete metric space denoted by X and

norm space Y by (¥, |l 1.
Based on the concept of locally small Riemann sum (LSRS) property of a
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f3al valued function on a cell [a,b] € R, we construct LSRS property of a vector
valued function on a cell £ ¢ X with respect to volume function 9.

Definition 3.1 Let E be a cell on X and 89 be a volume function @ E(X). A
function g: X = Y is said to have locally small Rienfl@n sum property with respect
o 9 ofE, and denoted by g € LSRS(E,®) if g is u* —measurable on E and
Jfor any real number € > 0 there exists a function §:E — R* such that for each
t eE and for any Perron § — fine partition P = {(A,,x)} of cell F c
N(t, 6(t)) N E we have

|| P Z g(x)ﬂ(Ax)" <&,

will prove that the LSRS(E, ) is linear space, i.e. if f,g € LSRS(E,9), then f +
g € LSRS(E, ) and for any real number « we have af € LSRS(E,¥).

Theorem 3.1. If f,g € LSRS(E,9), then f + g € LSRS(E,9) and for any real
number a we have af € LSRS(E,¥).

Proof: Let £ > 0 be real number. Since f, g € LSRS(E,¥). there exists a function
8,8, : E —» R* such that for each t € E and any Perron &, — fine partition
P={(Ay,x)} of a cell FcN(t,6,(t))NE and for &, — fine partition Q =
{(B),y)} ofacell F < N(t,5,(t)) N E we have

IP Y g9 A < and [|QT FOIIB)| < ——

3|a+1|
Define a function §:E —» R* with §(x) = min{&,(x),8,(x)}. If t € E and
T = {(C,,2)} is Perron & —fine of acell F € N(¢t,&(t)) N E. then we have

£
3|a+1|

ITE( + 9@ IA)N < ITE f(@I AN + IIT X g2 (Al

& £ 2e
= E.
3la+1| 3la+1| 3la+1
and
IT X af (2) 9(A)I = lallIT X f(2)8(CHII
lale
< E.
3|la+1|
So. f+ g €LSRS(E,9) and af € LSRS(E,9). m
a

Theorem 3.2. If g € LSRS(E,9). then there exists a function §:E — RY such
that
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[gz g(y)ﬁ(By): P = {B,,y} isa Perron 6 — fine partition of E}
is bounded.
Proof: Let € > 0 be a real number. Since g € LSRS(E, ). then there exists a
function 6;: E - R* such that for cach ¢t € E and for any Perron—&; fine
partition P = {(A,,x)} of cell F c N(t,5,(t)) NE we have
IPX gl (Al <€ (@)

Really we have
{N(x,6,(x):x € E)} 2)

is an open cover of a cell E. Since E is a compact set. then there exists a finite
subset of (2).
{N(x;,8,(x))ix; €E, i =1,2,3,....,n} 3)

such that (3) is open cover of E. So, for each x € E there exists
I, ©{1,2,3,..,n}

such that x € N(x;, 6,(x;) forany i € I,.. So, we have
x € Nier, N(xp, 81 (xp)).

Define a function 6: E — R* with
5(x) = $min{d(x, (N (x;, 8,0 ):i € L},
Let
P={B»}={(8,):i =123, ..,m]

be a Perron § —fine partition on E. For any j there exists i € {1,2,3,...,n} such
that By, < N(x;,81(x;) and {(Byj..yj )} is a Perron §; —fine of a cell By, By
using (1). we have

laGnyoe,)| <

Finally, we have

||PZ.9()’)19(By)|| < Zilng(}’j)ﬁ (By}-)" <me < m,

This means that
{P Z g(y)ﬁ(By): P ={B,,y} isa Perron § — fine partition of E.'}
is bounded. m

We will prove the relations of LSRS(E,9) and H(E,?).
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Theorem 3.3. I/ g € LSRS(E, ) then for every cell I C in(E) we have g €
H(l,9).
Proof: Let I be @lcell subset of int(E) and £ be a positive real number. Since
g € LSRS(E,9), then there exists a function §:E — RT such that for each t €
I and for any Perrond —fine partition P = {(4,,x)} ofacell F c N(¢,6(t)) N1,
we have

|» Z g9y <=

This means that for any cell F € N(t,8(t)) N1 we have g € H(F, ). Since [ is
a cell, then [ is a compact set. So, there are ty,t,,t3,...,t, €I and a finite
collection of nonoverlapping cells

'Ull 12: 13’ g In}

n
=)
i=1

and for any i €{1,2,3,..,n}, I; c N(t;,6(¢;)). So, g € H(I;,9). Finally, we
have

such that

gEHWLI;,9) o geH?Y) m

Theorem 3.4.1f g € H(E,9) then g € LSRS(E,9).

Proof: Given a real number £ > 0. Since g € H(E,?), then by Theorem 24.1, g
is u* —measurable on E. If G is@3rimitive Henstock ¥ —integrable of a function
g on E. then by Theorem 2.3.4, there exists a funtion §;: E - R™ such that for
any Perron §; —fine P = {(A4,,x)} on E we have

PEIg(8(A) = G < - @

Since G is priffitive’s Henstock ¢ —integrable of a function g on E. then by
Theorem 2.3.5, there exists a real number y > 0 such that for any cell A € E with
9(A) < y. wehave

E
Il < 5 ®)
Define two functions §&,8,: E — R™ such that for each x € E. we have
19(Nl(xl Sz(x)) < Y,
and
8(x) = min{8,(x),8,(x)).

If t€ E and Q = {(A, %)} is a Perron § —fine on a cell F c N(t,6(t)) NE,
then by (4) and (5). we have
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0> gvwn] <0 llg@sad - Gli+ @) Gl
< t+: <e

This means that g € LSRS(E,09). [

Theorem 3.5. Given a function g: E =Y. If (Y,|.|]) is a Banach space and
g € LSRS(E,9). then g € H(E,?9).
Proof: Let & be a positive real number. Since g € LSRS(E, 9). then there exists a

function §:E — R* such that for each t € E and for any Perron § — fine
partition P = {(A,,x)} of cell F c N(t,5(t)) NE we have

IPT g8 (AN <. ©)
Take any sequence of cells (E,,) with E,, c in(E) , E, € E,4q forcach n €N,
and lim E;, = E. By Theorem 2.3.1, forany n € N, we have g € H(E,,¥9). So, for

any n € N, there is a function &8,: E, — R* such that for any partition B, =
{(A,,x)} on E,. we have
£

l(H = 9) [ Eydd — B, X gCI(AN < 3 7

Since lim E,, = E. then there exist K € N such that for any n € N with n = K.
we have
9(E - E) < e

For any n,m € N with n = K,m > K,n > m, define a function §:E - R*
sush as

min{8y(), (), 8, (x), d(x, 3 (Eny)} if x € int (Ey)
8(x) = { min{8y(x), §,,(x), 5,(x)} if x € 3(Ey)
min{8y(x), 8, (x),d(x, 3(E,))} if x€E,—E,

Let
P]_ = {(Ax; x)} = {(Alux]_)» (AZl xz); #aad (Ab x.’.)}
be a § —fine partition on cl(E, — ;). If (A,,x) € P, then by (6) we have

£
lgCop@All < -
It consequence is
IP 2 g9 < = ®)

If Pz{(B ! y)} is ad —fine partition on E,,. then P; U P, is a § —fine partition
on E,. By (7) and (8), we have
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| -o)f, gdo—-9)f, gad|| <|H-9)[, g-P.Lg0)9)|
+ [P zges@a + Py gy 9(B) — (H-9) ], gas|

+ 1PLEg)9AI
<i+i+Z <.
4 4 4

It means that ((H —9) [, g, 9 d9) is Cauchy sequece in Banach space (V.| ).
So, ((H—19) [, gd9) convergent, and then g € H(E,9). m
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